Abstract: Semi-empirical transition probabilities for magnetic dipole (M1) and electric quadrupole (E2) emission lines have been derived from parametric studies of experimental energy levels in Tm 3+ (Tm IV), Yb 4+ (Yb V), and Er 3+ (Er IV), using Cowan codes. Results are compared with those existing from ab initio calculations or from more sophisticated semi-empirical calculations. Satisfactory agreements show that simple parametric calculations can provide good predictions on line intensities, provided that experimental levels are available, allowing reliable fits of energy parameters.
Introduction
The radiative properties of lanthanide ions have since long attracted interest because of the numerous applications of these ions in solid-state laser materials, photonics, or the lighting industry (see [1] and references therein for example). Radiative transitions were observed in doped crystals or in solution with small displacements relative to free ions, and their interpretation was helped by the knowledge of free ion structures and transition probabilities [2, 3] . In astrophysics, Hubble Space Telescope observations of spectra of chemically peculiar stars show the presence of lanthanide ions up to doubly charged stages (see [4] for example). More recently, simultaneously observed emissions of electromagnetic waves and gravitational waves during two neutron stars merging increased the interest for radiative properties of higher charged lanthanide ions [5, 6] .
Due to the presence of 4f open shell electrons, lanthanide ions have very complex spectra, which can be untangled only by high-resolution laboratory studies. Systematic comparison of variation trends in energy parameters along isoelectronic or isoionic sequences is also a necessary help. During the past years, our collaborating team has carried out analyses of high-resolution spectra of several lanthanide ions in the vacuum ultra-violet (VUV) region [7] [8] [9] [10] [11] [12] [13] [14] , which contains essentially the fourth and fifth spectra and partially the third spectra. Experimental spectra were produced using high-voltage vacuum spark sources. Their interpretations in terms of atomic structures were supported by parametric calculations of energies and transition probabilities using the COWAN program package RCN/RCN2/RCG/RCE [15] in its Windows version [16] . As the analysis makes progress and experimental level energies become known, an iterative least-squares fit of energy parameters, i.e., the radial integrals, is performed in the RCE code, minimizing the differences between values and eigenvectors of levels in intermediate coupling. The diagonalization took place in a basis, generally in a LS-coupling scheme, including the close configurations of a given parity, which possibly undergo mutual configuration interactions (CI). Each matrix element of H 1 was written as a sum of products: H 1ij = ∑ α c α ij P α , where c α ij are angular coefficients that are derived from angular momentum algebra and P α are radial integrals, which are also designated as energy parameters. Explicit configuration interactions are described by off-diagonal matrix elements between interacting configurations. Two-body electrostatic interactions from far configurations are taken into account by the introduction of effective parameters. When experimental energies are available, RCE is run for iterative least-squares fits minimizing the differences between the calculated and experimental energies, where the radial integrals are used as fitted parameters. The mean error of the fit is defined by is the number of free parameters. To avoid too large a number of free parameters, some constraints on parameters could be introduced by fixing their values or by fixing their ratios to their HFR values. After convergence, the final parameters were used in a final diagonalization, providing the best predictions for unknown energy levels. The corresponding level compositions in the intermediate coupling scheme are used for the calculations of the Landé factors and the radiative transition probabilities, log gf (g: statistical weight of the lower level, f: the absorption oscillator strength) and gA (g: statistical weight of the upper level, A: the Einstein spontaneous emission coefficient). These quantities are thus semi-empirical values based on experimental energies, and they hopefully represent better predictions than ab initio ones. The consistency between the observed intensities and calculated gA values for electric dipole transitions was also a criterion for the reliability of transition identifications. The RCG code output displayed a cancellation factor (CF), along with the gA value of a spectral line, which is defined by Equation (14.107), p. 432 in [15] . The CF is an indication of possible destructive interference effects in line strength calculations involving amplitudes in wavefunctions with intermediate-coupling and configuration-interaction mixings. According to Cowan [15] , "Computed line strengths may be expected to show large percent errors when CF is smaller than about 0.1 or 0.05". However, this limit seems to be rather restrictive, since in the case of Dy I quoted by Cowan [15] , a good correlation between the observed intensities and the computed gf values for CF of greater than about 0.02 was found.
With the final fitted energy parameters, the Cowan programs could be run for calculations of magnetic dipole (M1) and electric quadrupole (E2) transition probabilities with specific options involving the matrix elements of the corresponding operators. We carried out these calculations for three lanthanide ions for which we have experimental energies derived from our previous analyses, i.e., Tm 3+ (Tm IV) [11] , Yb 4+ (Yb V) [12] , and Er 3+ (Er IV) [14] . The reliability of our results was checked by comparison with available results from other calculations, either ab initio or semi-empirical. In the following, the results of Tm IV were compared with ab initio results by Dodson and Zia [19] and semi-empirical ones from Enzonga Yoca and Quinet [20] . Results on Yb V were compared with semi-empirical ones from Li et al. [21] . For Er IV, the present work reported the first semi-empirical results and compared them with ab initio ones by Dodson and Zia [19] .
In each case, the comparison was carried out on the one hand, for the values of transition rate gA, and on the other hand, for the line strengths S, so to eliminate the wavelength dependences. Indeed, in different codes, the primary calculated quantity for each transition was the line strength. Transition rate is proportional to the line strength, with a factor varying over (λ) −3 for a M1 emission line, and over (λ) −5 for an E2 emission line [15] . A consistent comparison between the different calculations should involve line strengths. It is also possible to scale the gA values to the experimental wavelengths. The Ritz wavelengths derived from fitted energies (λ Ritz_Fit ) were rather close to the ones that were derived from experimental energies (λ Ritz_Exp ), but this was not the case for ab initio calculated wavelengths (λ calc ). The numerical factors of conversion between gA (s −1 ) and S (a.u.), with λ in angström, can be found in the NIST Atomic Spectra Database [23] 
Results and Discussion

Tm IV
The Tm IV case is a favorable one to commence comparisons. The analysis of the Tm 3+ free ion spectrum [11] in the 700-2320 Å range resulted in the determination of 10 levels of the ground-state configuration 4f 12 , together with 9, 33, and 157 levels of, respectively, the 4f 11 6s, 4f 11 6p, and 4f 11 5d-excited configurations. The parametric interpretation of the configurations reported in [11] involved a basis of three even configurations 5p 6 4f 12 , 5p 6 4f 11 6p, and 5p 5 4f 13 , and a basis of three odd configurations 5p 6 4f 11 5d, 5p 6 4f 11 6s, and 5p 5 4f 12 5d. Progress was made [24] since the last publication, with one more experimental level in the ground-state configuration 4f 12 ( 3 P J = 1), localized at E = 36,763.8 cm −1 . Thus a new parametric calculation was performed in the present work, including as well a fourth even configuration 5p 5 4f 12 6p into the basis allowing calculations of gA values for the M1 and E2 transition with the new set of parameters. Table 1 reports the final parameter values of the fit for the even parity levels of 5p 6 4f 12 and 5p 6 4f 11 6p configurations, although they are only slightly different from the set reported in Table 5 of [11] . The set of electrostatic (F k , G k ) and spin-orbit parameters (ζ) was completed by effective parameters α, β, and γ related to two-body excitation in f n subshells, and by "illegal" Slater parameters F 1 (f,p) and G 3 (f,p) acting on the (S, L) terms of the f n p configurations, which drastically improve the calculated energies. The perturbing configurations 5p 5 4f 13 and 5p 5 4f 12 6p were experimentally unknown. They were introduced in the basis set with all relevant parameters (scaled HFR) and E av (5p 5 4f 13 ) = 235,589 cm −1 , and E av (5p 5 4f 12 6p) = 361,860 cm −1 fixed. All the configuration interaction parameters R k were fixed to their HFR values. The corresponding mean error of the fit was 46 cm −1 . Table 2 shows the comparison between different calculations of the M1 and E2 transition probabilities. Following the presentation of [20] where the authors listed the transition probabilities gA that were greater than 0.01 s −1 for M1 and E2 decays within the 4f 12 ground-state configuration, and compared them to the ab initio calculations by Dodson and Zia [19] , we listed the corresponding results from the present work. The first column displays the predicted Ritz wavelengths λ Ritz_Exp of the M1 and E2 lines derived from experimental level energies [11] . All the gA values (col. 5-7) have been converted into line strengths S (col. 8-10) using the wavelengths involved in the corresponding calculations, i.e., the ab initio calculated wavelengths for conversion of ab initio gA values [19] (col. 6) and Ritz wavelengths derived from our fitted energies for conversion of our gA values (col. 7). The corresponding wavelengths are respectively listed in col. 11 and col. 12 of Table 2 . As for the gA values of Enzonga Yoca and Quinet (col. 5) [20] , we used the λ Ritz_Exp for conversion in the absence of indications on the authors' wavelengths. This is reasonable, since, as already mentioned, λ Ritz_Fit were very close to λ Ritz_Exp , and the factors (λ Ritz_fit /λ Ritz_exp ) 3 or (λ Ritz_fit /λ Ritz_Exp ) 5 would produce changes of less than 3%. Figure 1 shows the distribution of M1 and E2 line strengths of Table 2 versus experimental wavelengths for Tm IV. One can see that for M1 transitions, our parametric calculations led to results that are in good agreement with the semi-empirical calculations in [20] , and with the ab initio calculations in [19] . The standard deviation is about 2% between our results and the previous semi-empirical results [20] , and is about 9% between our results and the ab initio results [19] . The predicted line at 4266 Å, a mixture of M1 and E2, had a M1 line strength showing a large discrepancy with the ab initio value [19] . The corresponding gA value was not explicitly given in [20] . For this line, the cancellation factor (CF) derived in our calculations from Cowan codes was 0.00, meaning an unreliable result. For E2, the three calculations give more scattered results. However, for the lines at 3039, 3847, 4437, 4721, 5759, 6402 and 7968 Å, indicated in [20] as having large discrepancies with ab initio values, our values are much closer to the values in [20] . One may note that in Tm IV, the E2 transitions have line strengths of two orders of magnitude lower than the M1 transitions. The cancellation factors calculated in this work were on average smaller for E2 than for the M1, meaning that the gA values are less reliable for E2 transitions. Table 1 . Parameter values (in cm −1 ) for 4f 12 and 4f 11 6p in Tm IV from a least-squares fit including four even configurations. Experimental energy values are from [11, 24] . The perturbing configurations 5p 5 4f 13 and 5p 5 4f 12 6p are introduced in the basis set with all relevant parameters (scaled HFR), and E av (5p 5 4f 13 ) = 235,589 cm −1 and E av (5p 5 4f 12 6p) = 361,860 cm −1 fixed. The constrained parameters are indicated in the columns "St. Dev" by 'r' (linked by a constant ratio) and by 'f' (fixed). 
Param
Yb V
The analysis of the Yb V spectrum, isoelectronic to Tm IV, was achieved by Meftah et al. [12] with the determination of all 13 energy levels of the ground-state configuration 4f 12 , and respectively, 174, 12, and 43 levels of the excited configurations 4f 11 5d, 6s, and 6p. The parametric study of the even parity included 4f 12 , 4f 11 6p, and the unknown core-excited configurations 5p 5 4f 13 and 5p 5 4f 12 6p. The least-squares fit minimizing the differences between calculated and experimental energies involved 56 even parity levels and resulted in a mean error of 55 cm −1 . In the present work, using the final fitted values of parameters reported in Table 5 of [12] , we calculated the transition probabilities gA for the forbidden M1 and E2 transitions within the ground-sate configuration 4f 12 of Yb V, and compared them in Table 3 with the results from semi-empirical calculations by Li et al. [21] . We also converted gA to line strengths S, as described above. The cancellation factors are listed in the last column, and all but three values are smaller than 0.02. Figure 2 displays the M1 and E2 line strengths in Yb V in the wavelength range reduced to 2000-8000 Å for clarity. One can see that the two sets of line strengths are in good agreement, with relative differences less than 3% for M1 lines, except for 3810 Å and 28,836 Å, and less than 10% for E2 lines, except for the lines et 2702, 3810, and 4133 Å. It can be noticed in Table 3 that each of these transitions involved one level with a strong mixing of LS components. Indeed, for the levels 6112.03 cm −1 (4), 24, 192 .89 cm −1 (4), and 43,119.5 cm −1 (2), Meftah et al [12] reported the main LS components with the percentage compositions of 62% 1 G, 56% 3 H, and 56% 1 D (4f 12 ), respectively. The calculated gA could be rather sensitive to small changes in these percentages. 
Er IV
The recent analysis [14] of Er IV, isoionic of Tm IV, led to the determination of 120 energy levels belonging to the lower parts of the four configurations 4f 11 , 4f 10 5d, 6s, and 6p. Unfortunately, the experimental energies of the 4f 11 ground-state configuration that comprises 41 levels were less completely known than in Tm IV and Yb V cases. However, in the parametric study of the odd-parity configurations, the least-squares fit with 11 free parameters upon respectively nine and 29 known levels of 4f 11 and 4f 10 6p resulted in a mean error of 41 cm −1 , which was quite satisfactory for the average energies of respectively E av (4f 11 ) = 35,997 cm −1 and E av (4f 10 6p) = 207,022 cm −1 . Using the parameters of the final fit given in Table 4 of [14] , we calculated the semi-empirical transition probabilities for M1 and E2 transitions within the ground-state configuration 4f 11 of Er IV. Table 4 reports the present results on M1 transitions between 3000 Å and 17,000 Å, the ab initio values of which are available in Dodson and Zia [19] to make a comparison possible. Table 5 reports similar results for E2 transition probabilities. Figure 3a ,b display respectively the M1 and E2 line strengths from the present work versus the ab initio results from [19] .
The large number of spectral lines in Er IV encourages an examination of possible correlation between discrepancies with ab initio results and cancellation factors (CF). These are listed in the last columns of Tables 4 and 5. Figure 3a shows that the M1 line strengths are in good agreement. Most of the M1 line strengths have a relative discrepancy of less than 5%, except for the eight lines. Three of them (4623, 5868, 6016 Å) have a CF of 0.00, four others (2975, 3660, 4094, 10,328 Å) have CF between 0.02 and 0.04, and one (13,752 Å) has a CF of 0.08. For the E2 transitions, the results are more scattered, with 90 in 113 lines showing discrepancies of less than 15%. Three lines (4608, 5233, and 14,568 Å) have been discarded on the figure since their line strengths differ by one or two orders of magnitude. Discrepancies are also more or less correlated to cancellation factors without an absolute rule. In the absence of CF values from the ab initio calculations [19] , the CF values listed in Tables 4 and 5 only characterize the present results and they do not fully explain the discrepancies observed. 
The recent analysis [14] of Er IV, isoionic of Tm IV, led to the determination of 120 energy levels belonging to the lower parts of the four configurations 4f 11 , 4f 10 5d, 6s, and 6p. Unfortunately, the experimental energies of the 4f 11 ground-state configuration that comprises 41 levels were less completely known than in Tm IV and Yb V cases. However, in the parametric study of the odd-parity configurations, the least-squares fit with 11 free parameters upon respectively nine and 29 known levels of 4f 11 and 4f 10 6p resulted in a mean error of 41 cm −1 , which was quite satisfactory for the average energies of respectively Eav(4f 11 ) = 35,997 cm −1 and Eav(4f 10 6p) = 207,022 cm −1 . Using the parameters of the final fit given in Table 4 of [14] , we calculated the semi-empirical transition probabilities for M1 and E2 transitions within the ground-state configuration 4f 11 of Er IV. Table 4 reports the present results on M1 transitions between 3000 Å and 17,000 Å, the ab initio values of which are available in Dodson and Zia [19] to make a comparison possible. Table 5 reports similar results for E2 transition probabilities. Figure 3a ,b display respectively the M1 and E2 line strengths from the present work versus the ab initio results from [19] .
The large number of spectral lines in Er IV encourages an examination of possible correlation between discrepancies with ab initio results and cancellation factors (CF). These are listed in the last columns of Tables 4 Tables 4  and 5 only characterize the present results and they do not fully explain the discrepancies observed. Table 4 . Semi-empirical transition probabilities gA (s −1 ) and line strengths for magnetic dipole (M1) transitions within the Er IV ground-state configuration 4f 11 .
Comparison with ab initio results from Dodson and Zia [19] . All wavelengths are in vacuum. Each energy level is specified by its energy value, followed by the quantum number J between parentheses [14] . CF is the cancellation factor as defined by Equation (14.107), p. 432 in [15] and derived from our calculations. Table 5 . Semi-empirical transition probabilities gA (s −1 ) and line strengths for electric quadrupole (E2) transitions within the Er IV ground-state configuration 4f 11 .
Comparison with ab initio results from Dodson and Zia [19] . All wavelengths are in vacuum. Each energy level is specified by its energy value, followed by the quantum number J between the parentheses [14] . CF is the cancellation factor as defined by Equation (14.107), p. 432 in [15] and derived from our calculations. It is worth examining the particular case of the M1 line at 1.5 µm, which is widely used for fiber amplifiers in optical communication. The Ritz wavelength derived from the experimental energies of the ground state 4f 11 4 I 15/2 and the first excited state 4f 11 4 I 13/2 [14] is λ Ritz_Exp = 15,366.3 Å, and it should be the best wavelength prediction for the free ion. As for the transition probabilities, our semi-empirical prediction is λ Ritz_Fit = 15,231.3 Å, gA = 144.4 s −1 and S = 18.92 a.u., whereas the ab initio calculations report λ D&Z = 15,280 Å, gA = 142.8 s −1 and S = 18.89 a.u. The relative discrepancy on gA is ∆(gA)/gA = 1.1 × 10 −2 and only ∆S/S = 1.6 × 10 −3 on line strength. It means that uncertainties on wavelengths propagate into gA values. A scaling of calculated values of gA with a factor (λ calc. /λ Ritz_exp ) 3 or (λ calc. /λ Ritz_exp ) 5 could lead to an improvement in applications. Emission in aqueous solution was predicted [3] at 15,129 Å, with a magnetic dipole oscillator strength of 30.82 × 10 −8 , i.e., gA = 143.7 s −1 and S = 18.45 a.u.
Scaling Factors of Energy Parameters as Derived from Least-Squares Fits
As explained in our previous parametric studies, in order to obtain a meaningful least-squares fit of the energy parameters and consequently reliable energy predictions, we strived to reduce the number of free parameters by applying constraints on some parameters, either by fixing their values or by fixing their ratios to their HFR values. The choice of good initial values of the parameters is therefore important. Table 6 shows a comparison of scaling factors among several neighboring spectra of lanthanide ions. The first four columns were already discussed in [25] , and the more recent results on Yb V and Er IV confirm the consistency of these scaling factors, which helps for the choice of their initial values, including the effective parameters that are used for taking interactions with far unknown configurations into account. Table 6 . Consistency of scaling factor (SF) values of energy parameters SF = P fit /P HFR among neighboring spectra of lanthanide ions. An example of effective CI parameter F 1 (4f,5d) values is given.
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Conclusions
We have shown that it is possible to perform rather simple calculations using Cowan codes [15] to obtain reliable transition probabilities for forbidden transitions such as magnetic dipole (M1) and electric quadrupole transitions (E2) within the ground-state configurations of the lanthanide ions, provided that experimental level energies are known and good parametric studies can be carried out. The good agreement between our results and the results of existing ab initio and semi-empirical calculations in Tm IV and Yb V allow for confidence in the first parametric calculations for Er IV. Generally speaking, agreements between different calculations are more satisfactory for the magnetic dipole transitions than for the electric quadrupole transitions. In the absence of experimental data for a systematic investigation of the reliability of calculations, the cancellation factor, as defined by Cowan [15] , is the only possible criterion. A good correlation between observed intensities and the computed gf values for CF that are greater than about 0.02, was found in the case of Dy I as quoted by Cowan [15] . Furthermore, in a discussion about oscillator strength determination for rare-earth elements and ions, Biémont set the limit to 0.01, under which the transition may be affected by severe cancellation effects [26] . Being aware that these considerations are based on the observed intensities of allowed electric dipole transitions, one may apply with caution the criterion of |CF|> 0.01 or 0.02 to forbidden transitions. Unfortunately, for the last, meaningful conclusions can be drawn only if systematic comparison of observed intensities and calculated transition probabilities becomes possible.
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